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We consider the spin echo decay of a nitrogen-vacancy center spin qubit, based on m=0 and m=1
levels of the S = 1 ground state spin manifold of the center, in presence of finite dynamic nuclear
polarization of the nuclear environment. We show that the signal acquires a nontrivially time-
dependent phase shift in presence of such polarization. In Gaussian approximation to calculation
of dephasing, this phase shift is absent when the NV center is prepared in a superposition of m=1
and m=−1 states, i.e. when the qubit couples to the spin environment in a way analogous to that
of spin-1/2, but the shift appears when the NV center is initialized in a superposition of m=0 and
either m = 1 of m = −1 states. For nuclear environment devoid of spins strongly coupled to the
qubit, the phase shift can be quite well described in Gaussian approximation, which makes it clear
that it is related to a linear response function of the environment affected by an evolving qubit.
Consequently, its observation signifies the presence of back-action of the qubit on the environment,
and it thus excludes the possibility of physically well-motivated treatment of nuclear environment as
a source of external classical noise affecting the qubit. Furthermore, when exact coherence dynamics
is well described by weak coupling approximation, for qubit based on m=0 and one of |m|=1 levels,
observation of dependence of modulus of echo signal on nuclear polarization signifies non-Gaussian
character of environmental influence. The same conclusion follows from observation of nonzero phase
shift of spin echo signal of a qubit based on m=±1 levels.
I. INTRODUCTION
When a qubit undergoes pure dephasing due to inter-
action with its environment, measurement of coherence
of the qubit subjected to an appropriately chosen control
sequence can give a lot of information about dynamics of
this environment [1, 2]. The extraction of quantitative in-
formation about the environmental fluctuations is partic-
ularly straightforward when dephasing can be described
in Gaussian approximation [1–4], in which the environ-
mental fluctuations that affect the qubit’s phase are fully
characterized by power spectral density (PSD), which
is the Fourier transform of the relevant autocorrelation
function of environmental variables. Such reconstruction
protocols, connecting the observed time-dependence of
coherence to putative spectrum of noise that affects the
qubit have been widely used during the last decade for
various types of qubits [1, 2].
For the most commonly encountered qubit-
environment coupling leading to pure dephasing,
given by λσˆz ⊗ Vˆ (where λ is a dimensionless parameter
controlling the strength of the coupling), the coherence
of the qubit at time t (in a rotating frame in which
trivial phase dynamics due to static energy splitting of
the qubit is absent) is given in Gaussian approximation
by
ρ+−(t) = 〈+|TrE [Uˆ(t)ρˆ0 ⊗ ρˆE(0)Uˆ†(t)] |−〉
=ρ+−(0)e−λ
2χ(t) , (1)
∗ lcyw@ifpan.edu.pl
where ρ+− is the off-diagonal element of reduced den-
sity matrix of the qubit, |±〉 are eigenstates of σˆz opera-
tor of the qubit, TrE is partial trace with respect to the
environment, Uˆ(t) is the evolution operator of the com-
posite system of qubit+environment, and the real-valued
and non-negative attenuation function χ(t) depends on
evolution time t, and also on the dynamical decoupling
sequence [1, 2], if one is used.
A fact that makes qubit-based characterization of a
Gaussian environment so straightforward is that the
above χ(t) is given by an integral of a product of S(ω),
the power spectral density of noise, and a frequency-
dependent filter function determined by the sequence of
operations applied to the qubit. For a sequence of pi ro-
tations that has a well-defined period, the filter has a
band-pass character, making the qubit coherence decay
dependent only on values of S(ω) in narrow frequency
ranges [1, 2, 5–7]. An observation important for this pa-
per is that the structure of expression for χ(t) is the same
if Vˆ operator is replaced by a classical stochastic process
ξ(t), and tracing over environment is replaced by averag-
ing over realizations of this process [2]. One can only tell
the difference between dephasing due to quantum and
classical noise, if it is feasible to compare qubit decoher-
ence at significantly different temperatures of the envi-
ronment. In the case in which the quantum description
of the environment is necessary, the temperature depen-
dence of χ(t) should be visible.
The results presented here are based on recent Ref. [8],
in which qubit dephasing due to interaction with an
environment described as a collection of noninteract-
ing bosons was considered. It was observed there that
when the qubit-environment coupling is of the form
ar
X
iv
:1
90
9.
06
43
8v
2 
 [c
on
d-
ma
t.m
es
-h
all
]  
8 O
ct 
20
19
2λ
2 (1− σˆz)⊗ Vˆ = |−〉〈−| ⊗ Vˆ , the coherence differs form
Eq. (1) by an additional phase factor,
ρ+−(t)=ρ+−(0)e−λ
2χ(t)e−iλ
2Φ(t) . (2)
The additional phase shift Φ(t) has a non-trivial time-
dependence determined by dynamical properties of the
environment [8], and it is nonzero when the environment
is not in a high-temperature state close to a maximally
mixed one. This happens when the inverse temperature
of the environment in thermal equilibrium, β, is finite,
or when the environment had been intentionally driven
away from a maximally mixed state. The latter is espe-
cially relevant for this paper, as we will focus here on the
case of Dynamic Nuclear Polarization (DNP) of nuclear
spin environment interacting with an electron spin qubit.
As discussed extensively in [8], the phase Φ(t) is absent
if we replace Vˆ by a classical random signal ξ(t), as in
this case both λ2 σˆzξ(t) and
λ
2 (1− σˆz)ξ(t) couplings, lead
to the same result for qubit dephasing. This is simply be-
cause a time-dependent shifting of the energy scale has
no influence on energy splitting between the qubit lev-
els, and thus on coherence. The observation of nonzero
Φ(t) under dynamical decoupling in Gaussian dephasing
regime - when the environment can be treated as Gaus-
sian, or time t is short enough for calculations in λ2 order
to approximate the exact result - signifies that the influ-
ence of the environment cannot be treated as an external
classical noise ξ(t), and that it has truly quantum fea-
tures, i.e. it acts as a source of “quantum noise” [8] lead-
ing to dephasing of the qubit. Let us also note that while
the existence of such a nontrivially time-dependent phase
factor Φ(t) that comes from quantum nature of a bosonic
environment coupled to the qubit in the above “biased”
way (for which only one of the levels of the qubit is in fact
coupled to the environment) had been known for a freely
evolving qubit [9, 10], its presence for qubits subjected to
dynamical decoupling has only been appreciated recently
[8].
The “biased” coupling discussed above arises in natu-
ral way for a qubit that is based on m= 0 and 1 levels
of spin S = 1, or for a qubit for which only one of its
states is endowed with dipole moment allowing for cou-
pling to external field. The first case applies to a widely
investigated spin qubit based on nitrogen-vacancy center
in diamond [11, 12] coupled to a spin environment, while
the second hold for an excitonic qubit and its coupling to
phonons [8–10, 13, 14] and for a singlet-triplet qubit in
a double quantum dot [15, 16] that is affected by charge
noise. The environments consisting of spins [17–19] and
charge fluctuators [2, 15] are not necessarily Gaussian,
but there are regimes of environment sizes, timescales
and qubit-environment couplings in which they can be
treated as such to a good approximation [2, 20, 21].
In this paper we consider spin echo dynamics of a co-
herence signal of an NV center spin qubit coupled to an
environment of 13C nuclear spins. We consider the pres-
ence of finite dynamic nuclear polarization (DNP) of the
nuclei. Creation of such a polarization has been success-
fully pursued in experiments [22–30]. Crucially, creation
of DNP is the most viable way of driving the nuclear envi-
ronment away from a completely mixed state, equivalent
to β → 0 (infinite temperature) equilibrium state, that
describes it in typical experimental conditions. Conse-
quently, it leads to a possibility of observing Φ(t) when
spin echo, or other dynamical decoupling sequences, are
applied to the qubit. We analyze the conditions under
which the spin echo decay of an NV center spin qubit
interacting with its nuclear environment can be well de-
scribed within Gaussian approximation, and calculate
the phase shift Φ(t) that affects the echo signal in pres-
ence of finite DNP. We show that this shift should be eas-
ily observable in experiments, and its presence has to be
taken into account when analyzing the spin echo signal of
an NV center interacting with partially polarized nuclear
bath. Let us stress that while the Gaussian approxima-
tion quantitatively describes the NV center decoherence
when there are no nuclear spins in ≈ 1 nm radius from
the qubit, the most relevant for us here qualitative fea-
ture of the Gaussian prediction- the appearance of phase
Φ(t) in spin echo experiment - applies to all the presented
calculations, in which the Gaussian approximation is not
made, and which are essentially exact on timescales of
interest.
The paper is organized in the following way. In Sec-
tion II A we revisit the general theory of pure dephasing
and derive a physically transparent expression for the
phase Φ(t) that arises for qubit-environment couplings
distinct from σˆz ⊗ Vˆ . Subsequently, we discuss in Sec-
tion II B the qualitative conditions that allow for using
Gaussian approximation [2] when dealing with an envi-
ronment that can be naturally decomposed into weakly
interacting subsystems (e.g. a spin bath with weak intra-
bath interactions). The first result was given in [8] for
a general multi-qubit case, and here we give a simpler
derivation in a single qubit case (which is enough for
our purposes here) for completeness. The second sets
the foundation for subsequent discussion of Φ(t) gener-
ated by a nuclear spin environment. Then in Section
III we revisit the most practical approach to calculation
of electron spin qubit decoherence caused by a nuclear
environment, the Cluster-Correlation Expansion (CCE)
[21, 31–33], and discuss its generalization to the case of
finite DNP. Then, in Section IV we give numerical re-
sults for spin echo decay for the qubit at low magnetic
fields (B = 156 G), for which the most relevant envi-
ronmental dynamical processes leading to the decay are
single-spin precession. We compare there the results of
the full CCE calculations with Gaussian approximation
results, and show that the latter approximation is appli-
cable for environments that do not contain spins that are
very close to the qubit, and thus very strongly coupled
to it. The phase shift Φ(t) of the echo signal is shown
there to appear whenever there is finite DNP. Compar-
ison between decoherence of the qubit based on m = 0
and m=1 levels of the ground-state spin S=1 manifold
3of the NV center, with the qubit based on m=±1 levels
is also given there. We discuss how by comparing the co-
herence signal obtained for these two kinds of NV-based
qubit one can detect the non-Gaussian features of envi-
ronmental fluctuations leading to qubit decoherence. In
the concluding Section V we discuss the relevance of the
presented results for experiments on spin qubits interact-
ing with dynamically polarized spin baths, and for distin-
guishing between Gaussian vs non-Gaussian and classical
vs quantum character of environmental influence on the
qubit.
II. PURE DEPHASING OF A QUBIT IN
GAUSSIAN APPROXIMATION
A. Calculation of attenuation function and phase
shift in Gaussian approximation
We consider the qubit-environment interaction given
by
Hˆint =
λ
2
(η + σˆz)⊗ Vˆ , (3)
where η is a parameter that controls the degree of “bias”
of the coupling: for η=0 we have an unbiased σˆzVˆ inter-
action, while for η=±1 only one of the states of the qubit
couples to the environment. Since such a pure dephasing
coupling Hˆint commutes with the free Hamiltonian of the
qubit HˆQ ∝ σˆz, only the off-diagonal elements of qubit’s
density matrix undergo evolution,
ρˆQ(t) =
(
ρ++(0) ρ+−(t)
ρ∗+−(t) ρ−−(0)
)
≡
(
ρ++(0) ρ+−(0)W (t)
ρ∗+−(0)W
∗(t) ρ−−(0)
)
, (4)
where the so-called decoherence function W (t) =
Tr(σˆ− ρˆQE(t))/ρ+−(0) encapsulates all the changes in
qubit’s state induced by the interaction with the envi-
ronment.
In addition, we shall assume that during its evolution,
the qubit can be influenced by an application of exter-
nal control fields. The control scheme we focus on in
particular is of the dynamical decoupling type: the qubit
is subjected to sequence of specifically timed pulses of
transverse field that cause an effectively instantaneous
pi-rotations of its Bloch vector (spin flips). For example,
the spin echo (which is the main focus of this paper) is
a special case of such sequence, where a single pulse is
applied at the midpoint of the evolution. It should be
stressed that the application of the echo protocol (or any
other sequence of pulses that decouples the qubit from
low frequency noise [2]) removes the trivial phase ∆Et
(due to ∆E energy splitting of the qubit) from coherence
signal. In general, the effects of dynamical decoupling
control defined by the sequence of pulse application tim-
ings, {τ0 = 0, τ1, τ2, . . . , τn−1, τn = t} (here, t is the total
evolution duration), can be conveniently parametrized
with the so-called time-domain filter function f(τ):
W (t) =
Tr
(
σˆ−TrE
(
Uˆ(t|f)ρˆQ(0)ρˆEUˆ†(t|f)
))
ρ+−(0)
, (5)
with the unitary evolution operator conditioned by the
choice of pulse sequence given by
Uˆ(t|f) = T e− i2
∫ t
0
dτ(η+σˆzf(τ))Vˆ (τ), (6)
where Vˆ (τ) = exp(iτHˆE)Vˆ exp(−iτHˆE) is the interac-
tion picture of the environmental operator that couples
to the qubit. See Appendix A for detailed derivation of
this result and the explicit definition of filter f(τ).
Defining the symbol 〈•〉 = TrE(•ρˆE) to denote the
partial trace over environmental degrees of freedom, the
coherence function can written is a standard form of av-
eraged ordered exponential, that can in turn be expressed
in terms of cumulant series [2],
W (t) = Tr〈σˆ+U†(t|f)σˆ−Uˆ(t|f)〉 = exp
( ∞∑
k=0
λkκk(t|f)
)
,
(7)
where κk(t|f) is a kth order cumulant. Using the above
relation one can calculate the explicit form of cumulants
by expanding both sides of the equation and comparing
the terms of respective orders in coupling strength λ. We
shall begin by expanding the evolution operators,
W (t) =
〈(
1 +
iλ
2
∫ t
0
dτ1(η + f(τ1))Vˆ (τ1)
−λ
2
4
∫ t
0
dτ1
∫ τ1
0
dτ2(η + f(τ1))Vˆ (τ1)(η + f(τ2))Vˆ (τ2)
)
×
(
1− iλ
2
∫ t
0
dτ2(η − f(τ2))Vˆ (τ2)
−λ
2
4
∫ t
0
dτ1
∫ τ1
0
dτ2(η − f(τ2))Vˆ (τ2)(η − f(τ1))Vˆ (τ1)
)〉
+O(λ3), (8)
and we skip writing down the terms of order higher than
λ2. Assuming 〈Vˆ (τ)〉 = 0, we express the double, equal-
time integrals as the time-ordered ones,
∫ t
0
dτ1
∫ t
0
dτ2 =∫ t
0
dτ1
∫ τ1
0
dτ2 +
∫ t
0
dτ2
∫ τ2
0
dτ1 which allows us to rewrite
the above expression in terms of averaged commutator
and anticommutator of coupling operators,
W (t) = 1− λ
2
2
∫ t
0
dτ1
∫ τ1
0
dτ2 f(τ1)f(τ2)Re〈{Vˆ (τ1), Vˆ (τ2)}〉
− iλ
2
2
∫ t
0
dτ1
∫ τ1
0
dτ2 ηf(τ2)Im〈[Vˆ (τ1), Vˆ (τ2)]〉+O(λ3)
(9)
4where we utilized the symmetries of commuta-
tor, 〈[Vˆ (τ1), Vˆ (τ2)]〉∗ = −〈[Vˆ (τ1), Vˆ (τ2)]〉, and anti-
commutator, 〈{Vˆ (τ1), Vˆ (τ2)}〉∗ = 〈{Vˆ (τ1), Vˆ (τ2)}〉.
On the other hand, the Gaussian environment can be
defined as one for which the cumulant series terminates
on second order,
W (t) = e−λ
2κ2(t|f) = e−λ
2χ(t)−iλ2Φ(t) (10)
= 1− λ2χ(t)− iλ2Φ(t) +O(λ3). (11)
Comparing Eqs. (9) and (10) we identify the real and
imaginary parts of (9) with the attenuation function and
the phase shift, respectively
χ(t) =
1
2
∫ t
0
dτ1
∫ τ1
0
dτ2f(τ1)f(τ2)Re〈{Vˆ (τ1), Vˆ (τ2)}〉,
(12)
Φ(t) =
η
2
∫ t
0
dτ1
∫ τ1
0
dτ2 f(τ2)Im〈[Vˆ (τ1), Vˆ (τ2)]〉. (13)
These equations simply restate the general result of
Ref. [8] in a single-qubit setting. Note that the non-
zero phase shift can exist only because of operator na-
ture of the coupling Vˆ (τ) and its noncommutativity at
distinct times τ1 6= τ2. On the other hand, the attenua-
tion function is generated by the anti-commutator, and
the noncommutativity is not necessary for the result to
be nonzero. In fact, for coupling to classical stationary
Gaussian noise, for which Vˆ is replaced by a stochas-
tic function ξ(t) and tracing over E is replaced by av-
eraging over realizations of ξ(t), the attenuation func-
tion is still given by Eq. (12), with 〈ξ(τ1)ξ(τ2)〉 replacing
1
2Re〈{Vˆ (τ1), Vˆ (τ2)}〉 (we assume 〈ξ〉= 0 for simplicity),
while the phase term Φ(t) is zero. Thus, at least when de-
coherence is well described within the Gaussian approxi-
mation, Eq. (10), the appearance of nonzero Φ(t) means
that the environmental influence on the qubit cannot be
treated as an external classical noise affecting its phase.
If we rewrite the integrand defining Φ(t) as
Φ(t) = iη
∫ t
0
dτ1
∫ t
0
dτ2 f(τ2)
×
(
− i
2
Θ(τ1 − τ2)〈[Vˆ (τ1 − τ2), Vˆ (0)]〉
)
≡ iη
∫ t
0
dτ1
∫ t
0
dτ2 f(τ2)K(τ1 − τ2), (14)
where we recognize in K(τ) the Green-Kubo susceptibil-
ity. This quantity defines the linear response of envi-
ronmental observable Vˆ to external stimulus that probes
the system by coupling to the same observable. There-
fore, the following physical interpretation can be given
for the origin of the phase shift. The qubit influences the
environment by coupling through variable Vˆ . In turn,
this disturbance modifies the ‘noise’ generated by the
environment, which drives the decoherence of the qubit.
In a sense, the phase shift can be understood as a self-
interaction of the qubit mediated by the environment.
Similarly, the anti-commutator in attenuation function
can be also be expressed in terms of another fundamental
physical quantity,
χ(t) =
1
2
∫ t
0
dτ1dτ2 f(τ1)f(τ2)
(
1
2
〈{Vˆ (τ1 − τ2), Vˆ (0)}〉
)
≡ 1
2
∫ t
0
dτ1dτ2 f(τ1)f(τ2)C(τ1 − τ2), (15)
where C(τ) is the correlation function that describes
the natural temporal fluctuations of environmental ob-
servable Vˆ . The two quantities are deeply related;
specifically, for system that exhibits detailed balance—
such as environment in thermal equilibrium state ρˆE =
e−βHˆE/Tr(e−βHˆE )—the Fourier transforms of correlation
function (the spectral density),
S(ω) =
1
2
∫ ∞
−∞
e−iωτ Re〈{Vˆ (τ), Vˆ }〉 dτ (16)
and of susceptibility,
K(ω) =
1
2
∫ ∞
−∞
e−iωτΘ(τ)Im〈[Vˆ (τ), Vˆ ]〉 dτ (17)
satisfy the fluctuation-dissipation theorem,
S(ω) = coth
(
βω
2
)
ImK(ω). (18)
It is straightforward to express the attenuation func-
tion and the phase as integrals over frequencies:
χ(t) =
∫ ∞
−∞
S(ω)|f˜(ω)|2 dω
2pi
,
Φ(t) = iη
∫ ∞
−∞
K(ω)
2
ω
e−iωt/2 sin
ωt
2
f˜(ω)
dω
2pi
, (19)
where f˜(ω) is the Fourier transform of f(t). We see thus
that a measurement of qubit decoherence, when either
the second-order expansion result applies, or, more gen-
erally, when Gaussian approach to environmental influ-
ence is justified (i.e. when the environment consists of
noninteracting bosons, as in [8], or when we can use a
central limit theorem-like reasoning, as we do in subse-
quent Section), is fully determined by appropriate fre-
quency integrals over sequence-induced filters and power
spectrum/susceptibility.
B. Weak coupling and Gaussian approximations
for dephasing
Let us consider a situation in which the environ-
ment can be treated (exactly or approximately, e.g. on
timescale of interest) as consisting of many uncorrelated
and non-interacting entities. As we will see later, this
is a good approximation for treatment of nuclear bath
interacting with an electron spin qubit.
5The Hamiltonian of the environment is then given by∑N
k=1 Hˆ
(k)
E , and the qubit-environment coupling is given
by Vˆ =
∑N
k=1 Vˆ
(k), where k= 1 . . . N labels the environ-
mental sub-systems. The initial density matrix of the
environment is given by ρˆE(0) =
∏
k ρˆ
(k)
E (0). The result-
ing decoherence of the qubit factorizes into product of
contributions from environmental subsystems:
W (t) =
N∏
k=1
W (k)(t) ≡
N∏
k=1
[1− δW (k)(t)] , (20)
where we have defined δW (k)(t).
Let us now consider the case in which |W (k)|  1 for
every k. We have then
W (t) ≈ exp
[
−
∑
k
δW (k)(t) +O[
∑
k
δ(W (k))2]
]
, (21)
and we will refer to this as a weak coupling result. The
only thing that is required for it to approximate the exact
result is that every environmental subsystem only weakly
perturbs the qubit, i.e. |Wk(t)|≈1 for each k.
Let us now bring back again the dimensionless qubit-
environment coupling parameter λ that multiplies Vˆ .
One can expect, that when |δWk(t)|1, approximating
δWk by an expression obtained in λ
2 order should be ad-
equate. This, however, holds only on a certain timescale.
Let us illustrate this with a simple example: an environ-
ment consisting of noninteracting spins, with Hˆ
(k)
E =ωIˆ
z
k
and qubit-environment coupling given by λ
∑
k σˆzAIˆ
x
k . If
we consider a freely evolving qubit (with no pi pulses be-
tween its initialization and coherence measurement), we
obtain for a completely mixed states of the environment
δW (k)(t) = λ2
A2
ω2 + λ2A2
sin2
√
ω2 + λ2A2
t
2
. (22)
This should be compared with a result of calculation in
Gaussian approximation, using Eq. (12), that leads to
δW
(k)
G (t) = λ
2A
2
ω2
sin2
ωt
2
, (23)
which agrees with Eq. (22) not only when λω/A (which
is necessary to enter the weak coupling regime, i.e. guar-
antee that δWk(t)  1), but also under the additional
condition t tc where tc=4ω/λ2A24/ω. If the latter
condition is broken, then the Gaussian approximation to
W (k)(t) has the same amplitude as the exact result, but
its oscillations will not follow those of the exact result.
When both of them are fulfilled, the decoherence caused
by N weakly coupled environmental subsystems is given
by a Gaussian formula, Eq. (11), with
χ(t) + iΦ(t) ≈
N∑
k=1
δW
(k)
G (t) . (24)
III. DEPHASING OF AN NV CENTER
INTERACTING WITH A POLARIZED BATH
A. The Hamiltonian of the NV center and the
nuclear environment
The Hamiltonian of an NV center interacting with a
bath of spin-1/2 nuclei is given by:
Hˆ = ΩSˆz + ∆Sˆ
2
z + HˆE + SˆzVˆ , (25)
where Ω is the Zeeman splitting of the qubit, ∆ is the
zero-field splitting term (present, because NV center in
diamond has spin S=1), HˆE is the Hamiltonian of the
environment and Vˆ is the environmental operator cou-
pling to the qubit. The Zeeman splitting is given by
Ω = −γeBz with γe = 28.02 GHz/T and Bz is the mag-
netic field value (in Tesla). Zero-field splitting is given by
∆ = 2.87 GHz. We have assumed that the magnetic field
is parallel to the z axis determined by a vector connect-
ing the nitrogen and the vacancy, i.e. to the quantization
axis associated with the zero-field splitting term.
The eigenvalues of Sˆz for spin-1 are m=−1,0,1. We
can define an NV center spin qubit as based either on
m = 0,+1 levels, or ms = +1, −1 levels. As in this
paper we are most interested in the “asymmetric” cou-
pling of environment with the qubit, we will focus mostly
on the former choice of energy levels. Nevertheless, for
additional testing of validity of Gaussian approximation
to decoherence we will also perform some calculation for
qubit bases om ms=±1 levels.
The Hamiltonian of the environment consists of two
terms:
HˆE = Hˆ
nuc
Z + Hˆ
nuc
dip , (26)
where the first term describes the Zeeman splitting due
to external magnetic field:
HˆnucZ = ω
∑
k
Iˆkz , (27)
with ω = γ13CBz and γ13C = 10.71 MHz/T being the
gyromagnetic ration for 13C, while the second describes
the dipolar interactions between the nuclei. For magnetic
fields considered here, they can be treated in secular ap-
proximation, leading to:
Hˆnucdip ≈
∑
k<l
Bk,l(Iˆ
k
+Iˆ
l
− + Iˆ
k
−Iˆ
l
+ − 4Iˆkz Iˆ lz), (28)
where
Bk,l =
µ0 (γ13C)
2
4pir3k,l
(1− 3 cos2 θk,l) , (29)
in which µ0 is the magnetic permeability of vacuum, rk,l
is internuclear distance and θk,l is the angle between the z
direction of magnetic field and a vector connecting nuclei
that interact.
6The SˆzVˆ term in Eq. (25) is the hyperfine interaction
between the electronic spin S = 1 and the nucelar spins.
Due to large zero-field splitting ∆ (note that Zeeman
splittings Ω considered here are much smaller than ∆),
the transverse terms (i.e. those containing Sˆx,y operators)
can be omitted, as they have negligible influence on qubit
decoherence. We have then the qubit-nuclei coupling of
pure dephasing form:
SˆzVˆ =
∑
k
∑
j=x,y,z
SˆzAz,jk Iˆ
k
j . (30)
We shall consider only the dipolar part of this interac-
tion, because the deep defect nature of the NV center
corresponds to its short-ranged electronic wavefunction
(Fermi contact corrections are significant at d < 0.5 nm
from the center). The dipolar interaction vector can be
expressed as follows:
Az,jk =
µ0γeγ13C
4piR3k
 −3rkxrkz−3rkyrkz
1− 3rkz rkz
 , (31)
where Rk is the distance between NV center and the k-
th nucleus, and rkj is the j-th component of nrmalized
displacement vector between the qubit and k-th nucleus.
B. Evolution
We assume here that the procedure that creates dy-
namic nuclear polarization is performed before the con-
sidered spin-echo experiment. The qubit and the environ-
ment are initially in a product state: ρˆ(0) = |x+〉 〈x+| ⊗
ρˆE , where |+x〉 = 1√2 (|m1〉 + |m2〉) is the superposition
state of the qubit. The initial state of the polarized nu-
clear environment is
ρˆE(0) =
(
N⊗
k=1
1
2
(1+ 2pIˆkz )
)
, (32)
where N is the number of nuclear that we take into con-
sideration, i.e. spins located up to a certain distance from
the qubit (with the more remote spins giving negilgible
corrections to the results on the timescale of interest).
Since we are dealing here with a pure dephasing evo-
lution, only the off-diagonal elements of qubit’s reduced
density matrix are changing due to interactions with the
nuclear environment. We consider the spin echo experi-
ment, in which the pi pulse that exchanges the amplitudes
of |m1〉 and |m2〉 states is applied to the qubit in the mid-
dle of the evolution time. The coherence of the qubit (for
convenience normalized, so that its maximum value is 1)
can then be written as
Wm2m1(t) ≡
ρm2m1(t)
ρm1m2(0)
= trE
(
Uˆm2Uˆm1 ρˆE(0)Uˆ
†
m2Uˆ
†
m1
)
,
(33)
where
Um = exp
(
−iHˆmT
2
)
, (34)
and Hˆm = mVˆ + HˆE .
For calculation of the above spin echo signal we use
a Cluster-Correlation Expansion (CCE) method [21, 31–
33], which allows for systematic inclusion of inter-nuclear
interaction effects. The results that we show below are,
however, obtained for magnetic fields (B≤ 1000 Gauss)
and timescales (t≤50 µs) at which inter-nuclear dipolar
interactions are expected to be irrelevant, as our calcu-
lations confirmed. We can then focus on the so-called
CCC-1 approximation, in which the decoherence signal
is approximated by a product of contributions to dephas-
ing from single nuclear spins. This corresponds to the
situation considered in Sec. II B, with single nuclei form-
ing the mutually uncorrelated subsystems of the envi-
ronment. The coherence W (t) is then given by Eq. (20),
with Wk(t) being the contribution to dephasing due to
k-th nucleus, evaluated using Eq. (33) in which only the
terms involving the k-th nucleus are kept in Hˆm, and
ρE(0) is replaced by ρ
(k)
E (0) =
1
2 (1 + 2pk Iˆ
k
z ). Such a
single-spin contribution can be easily calculated, giving
W (k)m2m1(t) = 1−
2A2⊥(m1 −m2)2ω2
ω21ω
2
2
sin2
(
ω1t
2
)
sin2
(
ω2t
2
)
+ ipk
A2⊥ω(m1 −m2)
ω21ω
2
2
sin
(
ω1t
2
)
sin
(
ω2t
2
)
×[
m1ω2 cos
(
ω2t
2
)
sin
(
ω1t
2
)
+m2ω1 cos
(
ω1t
2
)
sin
(
ω2t
2
)]
,
(35)
where
A⊥ =
√
(Az,xk )2 + (A
z,y
k )
2 , (36)
ωi =
√
(A⊥)2m2i + (miA
z,z
i + ω)
2 , (37)
and pk is the degree of polarization of the k-th nuclear
spin, which can take values from [−1, 1].
We can see that presence of polarization leads to an ap-
pearance of additional term in W (k) that is purely imag-
inary. Let us now show how imaginary parts of W (k) due
to single nuclei affect the phase of W (t) =
∏N
k=1Wk(t)
when N environmental spins are considered.
C. Weak coupling and Gaussian approximations
Let us now consider the part of nuclear bath that is
weakly coupled to the qubit. For δW (k) =1−W (k)(t) and
W (k)(t) given by Eq. (35), the weak coupling condition
that makes |δW (k)(t)|1 is given by
 ≡ A⊥
ω
 1 .
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FIG. 1. Comparison between exact, weak coupling approximation (Eq. (38), with exact δW (k)), and Gaussian approximation
(Eq. (38) with Gaussian approx to δWk from Eq. (39)). Columns (I)–(IV) correspond to realizations of positions of nuclei
in diamond and (a)–(b) to radii of cutoff spheres, i.e. Rcut = 0.5, and 1.0 nm, respectively. Red dotted line corresponds to
exact calculation, blue dashed line is result of application of weak coupling approximation and green dashed line to Gaussian
approximation. Polarization of the bath is uniform and equal p=0.5.
When this is fulfilled, then according to discussion in
Sec. II B we can approximate the coherence signal by
W (t) ≈ exp
[
−
∑
k
δW (k)(t)
]
= exp
[
−
∑
k
ReδW (k)(t)
]
exp
[
−i
∑
k
ImδW (k)(t)
]
.
(38)
Let us write this result as |W (t)|e−iΦ(t). A spe-
cific feature of weak-coupling approximation is that the
polarization-induced phase Φ(t) is determined only by
imaginary parts of δW (k), and moreover it is simply lin-
early proportional to the polarization p. At the same
time |W (t)| is independent of these parts, and conse-
quently it is independent of p. This is not true if we
also consider strongly coupled nuclei, for which we have
to use the exact formula W =
∏
k(1 − δWk). If we write
Wk ≡ |Wk|e−iφk we still have Φ =
∑
k φk, but φk for
strongly coupled nuclei is not simply ≈ ImδWk as it is
for weak coupling, but it depends on both real and imag-
inary parts of δWk.
When we also assume that t 2ω
A2⊥
we obtain the Gaus-
sian approximation result:
δW
(k)
G (t) = 2
2
1 sin
4
(
t
2
ω
)
+
− p21(m1 −m2)(m1 +m2) sin3
(
ωt
2
)
cos
(
ωt
2
)
. (39)
This expression can also be, of course, obtained using
Eq. (9) applied to a single-spin environment. In agree-
ment with that formula, “asymmetric” coupling of the
qubit to the environment is needed for appearance of the
nontrivial phase in the echo signal: the imaginary part of
δW
(k)
G in (39) is exactly zero for m1 = −m2. It is impor-
tant to note that this disappearance of imaginary contri-
bution (and consequently the phase Φ(t) of W (t)) holds
only at the Gaussian approximation level, as the imagi-
nary part of exact result for W (k), Eq. (35), is nonzero in
this case (but of course it is of higher order than second
in ).
IV. RESULTS FOR ECHO SIGNAL OF AN NV
CENTER
We consider diamond with natural concentration of
spinful nuclei, i.e. 1.1% of 13C isotope. Magnetic field
8is set to B=156 G, a value of the order of magnitude of-
ten used in experiments on qubit-based characterization
of nuclear environment [34–37]. In such a field, spin echo
signal exhibits prominent oscillations caused by preces-
sion of nuclear spins [32, 38] that occur with a period of
∼ 10 µs. We focus on echo delay times of the order of
few tens of microseconds. We have checked that including
inter-nuclear dipolar interactions does not influence the
results on this timescale, and below we show calculations
done within CCE-1 approximation, i.e. contributions of
uncorrelated nuclei to dephasing. The results converge
when we take into account nuclei located up to Rconv≈10
nm radius from the NV center. Initially, we assume that
all the nuclei within this radius are polarized, and have
the same polarization.
In Fig. 1 we show exact echo signal W (t), weak-
coupling approximation to it, given by Eq. (38) with
exact δW (k)(t) taken from Eq. (35), and Gaussian ap-
proximation, in which we plug δW (k)(t) from Eq. (39) to
Eq. (38). Having limited our attention to weakly coupled
bath, we see that moduli of coherence for each realiza-
tion agree fairly well with curves for both of discussed ap-
proximations. Slight difference between weak and Gaus-
sian approximation, can be seen, whenever the coherence
drops to 0, which can be attributed to difference of am-
plitude of decoherence factors for both approximations.
When we still find a few spins, whose coupling to the
qubit is close to Zeeman splitting value, then the ampli-
tude of contribution to Gaussian-approximated decoher-
ence is roughly twice the amplitude of the weak coupling
result. Value of the phase of decoherence function, when
modulus is close to null, is very high, but after the revival,
the exact phase is approaching 0 and the approximations
are more accurate. Nevertheless, when one would try to
measure the position of the dip of coherence, by measur-
ing Sx for the qubit, the phase accumulated due to DNP
is definitely non-negligible. However, when the coherence
is calculated for a bath in which only weakly coupled nu-
clei are present (in the simulation, we artificially remove
the ball of radius Rcut = 1.0 nm around the qubit), the
approximations hold very well, but still, the Gaussian ap-
proximation is slightly less accurate, especially at longer
times, than the weak coupling approximation.
In Fig. 2 we focus on the spatial realization of the en-
vironment, for which the weak coupling approximation
is in good agreement with the exact result for both the
modulus and the phase of decoherence function, i.e. real-
ization II. We plot there the echo coherence signal W1−1
of a qubit initialized in a superposition on ms=±1 states,
i.e. we consider initialization of so-called double transi-
tion coherence of the qubit based on S = 1 spin, as it
was done theoretically in [39] and experimentally in [40].
When the influence of the environment on the qubit can
be described in Gaussian approximation, the modulus of
this coherence signal should be equal to the 4th power
of the |W01| signal observed for initial superposition of
ms = 0 and 1 states [21, 39], and there should be no
additional phase Φ1−1(t) present in W1−1(t). We see
that these expectation are very well confirmed by results
shown in this Figure. Note that both the nonzero differ-
ence between |W1−1| and |W01|4 and the nonzero value of
Φ1−1(t) are signatures of non-Gaussian character of the
environment, and both are absent in Gaussian approxi-
mation. Let us stress that the latter is a more convenient
witness of non-Gaussianity: it requires measurement of
only one coherence, not comparison of two coherences,
and it requires only an observation of a non-zero phase
shift.
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FIG. 2. Comparison of coherence for ms = ±1 defined qubit
(|W1−1|) with |W01|4 for realization (II) and cutoff radius
Rcut=1.0 nm, i.e. when Gaussian approximation can be suc-
cessfully applied. Cyan solid line corresponds to |W1−1| and
red dashed line: |W01|4.
In Fig. 3 we show the influence of magnitude of nu-
clear polarization p on the spin echo results for the same
realization as in Fig. 2. When we consider coupling
to all the nuclei in this spatial realization of the envi-
ronment (panel(a)), modulus of coherence shows slight
dependence on the polarization degree. When modulus
is dropping to zero, there is a non-trivial distinction be-
tween results for Φ(t) corresponding to different polar-
izations. The accumulated phase, of course, increases
with the polarization degree. This behavior is observed
for each total evolution time in Gaussian approximation,
which is presented in panel b of the Figure. In this ap-
proximation, the modulus of coherence shows no fluctu-
ations with respect to the level of DNP for the whole
bath. Consequently, observation of any dependence of
|W01| on polarization is another witness of non-Gaussian
contributions to qubit’s decoherence.
Finally, in Fig. 4 we show how a more experimentally
realistic spatial profile of dynamic nuclear polarization
affects phase Φ(t). Specifically, we consider all the nuclei
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FIG. 3. Coherence as a function of polarization for realization
(II). Blue curve corresponds to polarization degree p = 0.0,
red - p = 0.25, green - p = 0.5 and cyan - p = 1.0. Let’s take
one of the previous results that gives particularly nice agree-
ment between Gaussian and exact (for one of the cutoffs), and
plot it for p = 0, 0.25, 0.5, 1. Panels (a) and (b) correspond
to computation with cutoff radii: Rcut = 0.5 nm and 1.0 nm,
respectively.
within a radius Rpol from the center having finite p, and
all the nuclei outsie of the ball of this radius unpolarized.
We focus on the case of spatial arrangement of environ-
mental spins that leads to decoherence well-described in
Gaussian approximation (the results in the presence of
strongly coupled nuclei would mostly show how chang-
ing the polarization of one of the strongly coupled spins
visibly affects the signal). In fact, for the considered real-
ization (II), we do not observe any fluctuations of coher-
ence modulus, which already tells us that the polarized
nuclei are not coupled strongly enough, to affect the cur-
vature of the function. Phase changes are observed when
we polarize nuclei between 1.5 nm and 2.0 nm. Polariz-
ing more environmental spins does not change the value
of the phase. Note that in all of presented results we can
observe that the Gaussian approximation is less accurate
for longer coherence times, as the assumption of t 2ω
A2⊥
no longer holds then.
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FIG. 4. Coherence for weakly coupled nuclei as a function
of number of DNP nuclei (same realization and cutoff radius
as in Fig. 3).Different curves correspond to radii of a balls,
where nuclei are fully polarized, i.e. blue curve - Rpol=1.5 nm,
red - 2.0 nm, green - 2.5 nm, cyan - whole bath is polarized.
V. DISCUSSION AND CONCLUSION
Let us first point out the main experimental implica-
tion of our calculations for measurements of spin echo
signal of a qubit based on m=0 and m=1 levels of spin-
1 system, such as the NV center. When one measures an
echo signal of such a qubit, one typically measures one
component of qubit’s Bloch vector, say 〈σˆx(t)〉. If the nu-
clear environment is in a completely mixed state (which
is the case if the nuclei had not been subjected to a proce-
dure leading to their nonzero dynamic nuclear polariza-
tion), the measured signal is simply given by exp[−χ(t)].
Note that this holds also outside of Gaussian approxima-
tion, when we can define χ(t) ≡ lnW (t) with the deco-
herence function W (t) given by Eq. (5) being purely real
if the state of the nuclei is completely mixed.
However, in the presence of finite DNP, the measured
signal is rather given by
〈σˆx(t)〉 = e−χ(t) cos Φ(t) . (40)
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Consequently, the phase Φ(t) modifies the echo signal:
in presence of DNP, the qubit initialized along the x
axis will rephase at echo time along a different direc-
tion, e.g. along the y axis if Φ(t) = pi/2. Furthermore,
the time-dependence of Φ(t) is not simply a linear one:
the dynamics of the polarized environment evolving in
the presence of the qubit is imprinted on qubit’s echoed
state in a nontrivial manner. The possibility of such ef-
fects when measuring spin echo of a qubit interacting
with intentionally (or non-intentionally) polarized nuclei
has to be recognized before the experiment is designed,
and it has to be taken into account when analyzing the
measurements. It is also worth noting that while χ(t) is
rather weakly dependent on nuclear polarization p (with
no dependence at all in the Gaussian limit), Φ(t) de-
pends linearly on p, and consequently its measurement
could be used for quantifying the polarization of nuclear
spins in the vicinity of the NV center. The fact that Φ is
determined mostly by the spins closest to the qubit, as
shown in Fig. 4, underlines the fact that the qubit acts
as a local probe, sensitive most strongly to its immedi-
ate vicinity, i.e. nuclei that are up to a few nanometers
away from it (assuming natural concentration of 13C nu-
clei, for smaller concentration the coherence times would
be longer, and also the size of the part of environment
that has visible impact on evolution of qubit’s coherence
would be larger).
The above qualitative difference - zero or nonzero Φ(t)
- between dephasing due to completely mixed and dy-
namically polarized bath, held exactly, without making
any approximation to the calculation of environmental
influence on the qubit (apart from making a very well-
controlled at considered magnetic fields and timescales
approximation of treating nuclear spins as noninteract-
ing). However, the analytical, and physically tranparent,
expression for Φ(t) was obtained in Gaussian approxima-
tion in [8] (recounted in Section II A), and it is nonzero
only for the “biased” coupling, e.g. for NV center qubit
based on m=0, 1 levels, while it is zero for the “ubiased”
coupling, e.g. for NV center qubit based on m=±1 lev-
els. It is interesting to ask a question, to what extent the
Gaussian approximation to Φ(t) accounts for the exact
phase that appears for NV center subjected to spin echo.
We have focused here on NV centers that do not have nu-
clear spins in their immediate vicinity, specifically within
a radius of 0.5 nm from the qubit. For natural concen-
tration of 13C nuclei, about 50% of NV centers fulfill
this condition. The ones that do have such very strongly
coupled nearest neighbors, are more suited to be used as
optically active parts of a multi-qubit register consisting
NV center, nuclear spin of nitrogen, and nuclear spins of
the most strongly coupled 13C [41–46]. Since here our
focus is not on physics of a “microscopic” system of a
few spins, but on qubit decoherence caused by a “meso-
scopic bath”, i.e. a system that is treated as finite, but is
too large to be considered to be precisely controllable, we
have focused on environments with most strongly coupled
spins removed. For these environments, a weak coupling
approximation to description of influence of individual
nuclei holds, and Gaussian approximation is valid then
at short times (and qualitatively it works quite well at
longer times).
However, even after such a rejection of environments
containing a few entities very strongly coupled to the
qubit, the presence of which leads to strongly non-
Gaussian decoherence, a careful analysis of real and
imaginary part of decoherence functions W01(t) and
W1−1(t) allows for checking to what extent the decoher-
ence is Gaussian. As mentioned above, the polarization-
dependence of |W01| is a sign of non-Gaussian character
of environmental influence. In our calculations, this ef-
fect is not particularly strong due to exclusion of environ-
ments with most strongly coupled spins, for which this
effect would be much more visible. Nevertheless, when
the qubit is initialized between m = ±1 energy levels, the
non-Gaussian signatures are of qualitative character. As
it can be seen from Eq. (39), in this case, for Gaussian
environment Φ(t)=0. In other words, presence of phase
in spin echo for such an “unbiased” coupling of the qubit
proves the non-Gaussian character of the environment.
Let us stress now the relevance of observation of
nonzero phase Φ(t) in echo signal for the question of
classical vs quantum nature of the environmental influ-
ence. As discussed in [8], the appearance of nonzero Φ(t)
for the “biased” coupling is an unambiguous signature
of quantum character of environmental noise, provided
that this noise is Gaussian, i.e. the environmental influ-
ence on the qubit can be treated in Gaussian approxi-
mation. It should be noted that non-Gaussian classical
dephasing noise can lead to appearance of nonzero Φ(t)
under dynamical decoupling, see e.g. Section IV in [47]
for an example involving quadratic coupling to Gaussian
noise (note that the square of Gaussian process has non-
Gaussian statistics) and a DD sequence with even num-
ber of pulses. Such a phase appearing solely due to the
non-Gaussian nature of noise was measured recently [48],
and analyzed theoretically using a recently devised pro-
tocol for characterization of polyspectra of non-Gaussian
noise [49].
The presence of nonzero Φ(t) in a spin echo (or
other balanced dynamical decoupling sequence) signal,
for qubit experiencing dephasing well-described in Gaus-
sian approximation, signifies thus that it is in general
incorrect to replace the environmental influence by an
external classical stochastic process ξ(t). Let us how-
ever stress again that this holds when the environment
couples to 1ˆ+ σˆz operator of the qubit. Modeling of en-
vironmental inlfuence with classical Gaussian noise ξ(t)
might however still be possible when the coupling is un-
biased, i.e. the environment couples simply to σˆz of the
qubit. In other words, the “classical vs quantum” na-
ture of environmental noise is relative to the form of the
qubit-environment coupling. We leave a careful examina-
tion of this issue for further work. Let us also note that
another witness of nonclassical character of environmen-
tal influence (and also of generation of qubit-environment
11
entanglement during dephasing) was recently described
in [50], and its effectiveness for NV center qubit inter-
acting with partially polarized nuclear environment was
investigated.
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Appendix A: Dynamical decoupling control sequence
The density matrix of the composite
qubit+environment system at time t is given by
ρˆQE(t) = Uˆ(t)ρˆQ(0)ρˆE(0)Uˆ
†(t), (A1)
where the unitary evolution operator is given by standard
time-order exponential,
Uˆ(t) = T e−i
∫ t
0
dτ(HˆQ+HˆE+Hˆint+Hˆctr(τ)) (A2)
with the total Hamiltonian of Q + E system com-
posed of free environment Hamiltonian HˆE , free qubit
Hamiltonian HˆQ ∝ σˆz, the interaction Hˆint = (η +
σˆz)Vˆ /2, and the time dependent control Hamiltonian
Hˆctr that is responsible for the application pi pulses in
a sequence defined by the set of timings pulse timings
{τ0 = 0, τ1, τ2, . . . , τn = t} (τ0 < τ1 < . . . < τn). As-
suming that the pulses are perfectly accrued and effec-
tively instantaneous we can approximate the action of
the evolution operator as
Uˆ(t) ≈ UˆctrUˆ0(t, τn−1) . . . UˆctrUˆ0(τ2, τ1)UˆctrUˆ0(τ1, 0)
= (−i)nσˆxUˆ0(t, τn−1) . . . σˆxUˆ0(τ2, τ1)σˆxUˆ0(τ1, 0)
(A3)
where Uˆctr = exp(ipiσˆx/2) = −iσˆx, and Uˆ0(ti, tf ) =
exp{−i(tf − ti)[HˆE + HˆQ + Hˆint]}.
For any function F of Pauli z operator σˆz we have the
following relation
σˆxF (σˆz)σˆx = F (−σˆz). (A4)
from which we get that
Uˆ(t) = e−i(t−τn−1)(−HˆQ+HˆE+
1
2 (η−σˆz)Vˆ ) . . .
× e−i(τ2−τ1)(−HˆQ+HˆE+ 12 (η−σˆz)Vˆ )e−iτ1(HˆQ+HˆE+ 12 (η+σˆz)Vˆ )
= exp
[
−i
∫ t
0
dτ
(
HˆE + f(τ)HˆS +
1
2
(η + f(τ)σˆz)Vˆ
)]
(A5)
where we encounter the time-domain filter function f(τ)
given by
f(τ) =
n−1∑
k=0
(−1)kΘ(τk+1 − τ)Θ(τ − τk) . (A6)
We assume that the dynamical decoupling sequence is
balanced, i.e.
∫ t
0
dτf(τ) = 0, so that its application re-
moves from coherence signal the trivial phase due to
static energy splitting of the qubit.
After switching to interaction picture, in which
Vˆ (τ) = exp(iτHˆE)Vˆ exp(−iτHˆE)
we arrive at the final result:
Uˆ(t) = e−itHˆET e−i
∫ t
0
dτ 12 (η+f(τ)σˆz)Vˆ (τ) . (A7)
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